We continue work initiated in a 1990 preprint of Mess giving a geometric parametrization of the moduli space of classical solutions to Einstein's equations in (2 + 1) dimensions with cosmological constant = 0 or −1 (the case of = +1 has been worked out in the interim by the present author). In this paper we make a first step toward the (3+1)-dimensional case by determining exactly which closed 3-manifolds M 3 arise as spacelike slices of flat spacetimes, and by finding all possible holonomy homomorphisms π 1 (M 3 ) → ISO(3, 1).
Introduction
This paper answers a fundamental question in classical gravity by determining all possible topologies of closed universes assuming a flat spacetime metric. This work continues two closely related lines of research; namely, the description of the moduli space of classical solutions to Einstein's equations in (2 + 1) dimensions due to Mess [20] , and the classification of de Sitter spacetimes in all dimensions from [26] . The original physical motivation for these papers was provided by Witten's Chern-Simons formulation of (2 + 1)-dimensional gravity in the late 1980s [32] [33] [34] ; his approach and successive attempts at quantization in the (2 + 1)-dimensional case rely on an understanding of the moduli space of classical solutions for a fixed spacetime topology M × R. Therefore, to even get started, one needs to know which topological types for M are possible. A good introduction to these ideas is given in Carlip's book [3] , particularly chapters 2 and 4 which, among other things, reprise Mess' work (also useful are the appendices to [3] which serve as a reference for much of the mathematical terminology used in this paper).
Our expectation is that most of the results in the flat (2 + 1)-dimensional case will carry over to the higher-dimensional cases (this was also conjectured by Mess). For instance, if M is a closed spacelike slice of a flat spacetime (see the definition below), one would like to show that: (a) the linear holonomy of M is discrete, (b) there can be no topology change, (c) the spacetime metric is determined by the holonomy and (d) there is a singularity in the past or future (but not both) when M is not finitely covered by a torus. In addition to resolving the basic question of which closed 3-manifolds M can arise in this set-up, this paper makes a start at some of the above questions through a detailed analysis of possible holonomy representations.
Throughout this paper, M will denote a closed, connected 3-manifold. Our current understanding of 3-manifold topology owes a great deal to Thurston's introduction of geometric techniques in the 1970s. In particular, his geometrization conjecture [27, 29] says that given a closed 3-manifold, there is a canonical process by which it can be cut open so that the resulting pieces are geometric: this means they can be given Riemannian metrics which are locally isometric to one of eight simply connected Riemannian homogeneous spaces. As some of these 'model spaces' will arise in the statement of the main theorem and in the course of its proof, it is worth setting up some notation for them. We say that M is a spacelike slice of a flat spacetime if there is a (3 + 1)-dimensional Lorentzian manifold N locally isometric to Minkowski space R 4 1 and an embedding f : M → N such that f (M) is spacelike and has trivial normal bundle. This notion is a bit more general than that of a partial Cauchy hypersurface, since we do not exclude the possibility that the ambient spacetime N has timelike curves meeting f (M) multiple times. One immediate consequence of our main theorem is that a spacelike slice of a flat spacetime is geometric, and, in fact, can only be modelled on three of the eight model spaces: The class of hyperbolic 3-manifolds is much richer than the others by the work of Thurston, which shows that 'most' 3-manifolds are hyperbolic. In fact, the geometrization conjecture predicts that any closed, irreducible 3-manifold with infinite fundamental group not containing a Z ⊕ Z subgroup is hyperbolic. Mess observes [20, p 55 ] that the (2+1)-dimensional case generalizes in part to the (3+1)-dimensional case; in particular, he claims the following result which will follow immediately from our proof of theorem 1.1:
Also noteworthy is the work of Waelbroeck [30] which is closely related to this paper and [20] . Flat spacetimes homeomorphic to M × R are studied in terms of solutions of the so-called B ∧ F theory. Our main result shows, however, that many of the solutions found in [30] (e.g. for the Nil, Solv and SL 2 R cases) do not correspond to actual flat spacetimes with spacelike slices.
For comparison with theorem 1.1, we recall the corresponding statement from the de Sitter case (particular examples illustrating this case have appeared in the physics literature; see [2, 7, 22] ). A manifold is conformally flat if it admits a (locally) conformally flat Riemannian metric; for 3-manifolds this is equivalent [25] to the existence of a flat conformal or Möbius structure. Together these results show that there are many more possibilities for slices of de Sitter spacetimes than for flat spacetimes: for example, all manifolds modelled on the constantcurvature or product model spaces are conformally flat. Also notable is the fact that the connected sum of conformally flat manifolds is conformally flat [19] and even some manifolds modelled on SL 2 R are conformally flat [13] , providing large classes of examples not present in the flat case. Unfortunately, no classification of conformally flat 3-manifolds is known in general, even assuming the geometrization conjecture. The best results in this direction are due to Kapovich (see, for instance, [17] ).
It should be emphasized that the statement of the main theorem is purely topological-it says nothing about how a given M arises as a spacelike slice, its induced Riemannian metric, or about the moduli space of spacetimes having a given M as a Cauchy surface. In the de Sitter case, these questions were worked out completely in [26] : the moduli space of de Sitter domains of dependence M × R is identified with an appropriate deformation space of conformally flat metrics on M, thus reducing the question to a widely studied problem in Riemannian geometry. The classification theorems in [20, 26] basically come from a convexity result for the causal horizon of a spacelike slice, followed by a careful analysis of the geometric structure of the causal horizon. Our goal in writing this paper, in contrast, was to derive as much as possible purely from results in 3-manifold topology, hopefully returning to a study of the causal horizon in a subsequent paper.
An added bit of information which falls out in the course of the proof of theorem 1.1 is the determination of all possible holonomy homomorphisms π 1 (M) → ISO (3, 1) . Of course this falls well short of describing the moduli space of flat spacetimes, as it is not a priori true that constant-curvature spacetimes M × R are parametrized by their holonomy homomorphisms (indeed, this is false in the de Sitter case [25, 26] as there are infinite families of solutions with identical holonomy representations; Witten remarks on the possible physical significance of this in [34, section 6] ). Furthermore, one needs to beware of certain holonomy homomorphisms which are inadmissible because they only arise from spacetimes homeomorphic to M × R where the slices M × {t} are not spacelike.
Basic results
Let X be a Riemannian or Lorentzian homogeneous space, and let G be its isometry group. If V is a smooth manifold of the same dimension as X, then we can define a (G, X)-structure on V to be a maximal atlas of coordinate charts {φ α : U α → X} on V such that the transition functions are given by the action of elements of G. From this data, a standard argument constructs a (G, X)-structure on the universal cover V , a developing map D : V → X, and a holonomy homomorphism φ : π 1 (V ) → G satisfying the following equivariance condition:
for all γ ∈ π 1 (V ) and x ∈ V (see [12] for a nice discussion of these notions). One can show that the existence of a (G, X)-structure is equivalent to the existence of a Riemannian or Lorentzian metric everywhere locally isometric to the model space X; in particular, one could rephrase our discussion of the geometrization conjecture in this language.
Let M → N be a spacelike slice of a flat spacetime. Since M has a trivial normal bundle, we might as well assume that N is homeomorphic to M × (0, 1). The ideas just introduced provide us with a developing map D : N → R 4 1 and a holonomy homomorphism φ : π 1 (N ) → ISO(3, 1) satisfying the equivariance condition above. Here ISO(3, 1) denotes the full isometry group of R 4 1 which we will describe in detail momentarily. We compose these functions with the inclusions M → N and i * :
Our first result is that this immersion is actually an embedding and that M ∼ = R 3 . The proof given here is specific to Minkowski space (the analogous result is false for de Sitter space). Similar theorems are obtained for general classes of spacetimes by Harris in [14, 15] . If p and q are two points of the image which are null or timelike separated, consider the path between them given by the intersection of D( M) and an indefinite two-dimensional plane containing p and q. The 'secant line' joining p and q in this plane has slope greater than 1, so the mean value theorem implies that some tangent vector to this path is null or timelike, a contradiction.
In all that follows we will identify M with its image in R 
Given a subgroup of ISO(3, 1), define T ( ) = ker L ; we call T ( ) the translational subgroup of . There is a corresponding short exact sequence for
which is central to our study of possible holonomy groups.
Lemma 2.2. Let ⊂ ISO(3, 1) be the holonomy group of a spacelike slice. Then: (a) is a discrete, torsion-free subgroup of ISO(3, 1); (b) T ( ) consists of spacelike vectors and is isomorphic to
Z k , for k = 0, 1
, 2 or 3; (c) L( ) leaves invariant the spacelike subspace spanned by T ( ).
Proof. The first part is straightforward by lemma 2.1-since M ∼ = R 3 , has finite cohomological dimension and is therefore torsion-free. Discreteness follows because acts properly discontinuously on M. Because all pairs of points in M are spacelike-separated, it is clear that T ( ) consists only of spacelike vectors. It is isomorphic to Z k since it is a discrete subgroup of R 4 1 and k cannot be 4 since otherwise T ( ) would have to contain a non-spacelike vector. For the last part, if γ 1 ∈ is given by x → Ax + b and γ 2 ∈ T ( ) is translation by t, then γ 1 γ 2 γ −1 1 is easily computed to be the element x → x + At of T ( ).
Lemma 2.3. If is a discrete subgroup of ISO(3, 1) with L( ) indiscrete, then L( ) is virtually solvable.
Proof. A theorem of Auslander (see [24, The remaining lemmas are well known results from 3-manifold topology. We record those which will be used repeatedly in section 3.
Lemma 2.4 (See [16]). Suppose
M ∼ = R 3 and Z 3 ⊆ π 1 (
M). Then M is finitely covered by the 3-torus
Proof. While a much more general result is proved in [16] , we give a simpler proof sufficient for our needs. Consider the cover M of M corresponding to the Z 3 subgroup. Since M ∼ = R 3 , M is a K(Z 3 , 1) and hence is homotopy equivalent to T 3 . This implies that The next result explains the topological structure of manifolds modelled on E 3 and H 2 ×R. It connects theorem 1.1 and corollary 1.2 and will also be used in section 3.
Lemma 2.5 (See [27]). M is modelled on E 3 if and only if it is finitely covered by the 3-torus, and M is modelled on H 2 × R if and only if it is finitely covered by × S
1 , where is a closed, orientable surface of genus at least two.
Proof of main theorem
Before embarking on the proof of theorem 1.1 we note that its main content is the 'only if' part, which excludes many kinds of 3-manifolds from being spacelike slices of flat spacetimes. In particular, manifolds modelled on five of Thurston's eight geometries cannot be spacelike slices; it is useful in traversing the proof to keep some of these exclusions in mind. For instance, it follows immediately from lemma 2.1 that manifolds modelled on S 3 or S 2 × R do not arise. An important element of the proof of the main theorem is to show that the Euler number of a Seifert fibre space which is a spacelike slice must be zero, excluding manifolds modelled on Nil or SL 2 R. Solv and Nil are interesting since it is possible to find flat spacetimes homeomorphic to M ×R where M is modelled on Solv or Nil, but the main theorem says that the slices M ×{t} can never be spacelike.
Proof of theorem 1.1. The 'if' half is easy as each of the spaces H 3 , E 3 and H 2 × R embeds in R 4 1 (though there can be geometrically distinct embeddings as we will see for E 3 ). We have figure 2) . If M is modelled on a model space X, then it can be realized as M ∼ = X/ , where is a discrete, cocompact subgroup of the isometry group Isom(X). It is easy to see that if X is one of the three examples above embedded in R 4 1 , then there is a corresponding embedding of its isometry group in ISO (3, 1) , and that any discrete subgroup of Isom(X) acts discontinuously on a regular neighbourhood of X in R 4 1 . The quotient of a small regular neighbourhood is therefore a flat spacetime containing M ∼ = X/ as a spacelike slice, as desired. We emphasize in figure 3 that for M hyperbolic,M need not coincide with the hyperboloid of figure 1.
For the 'only if' half, let M be a spacelike slice of a flat spacetime with holonomy group ⊂ ISO(3, 1). The proof is broken down into four cases, depending on the rank of the translational subgroup T ( ) (lemma 2.2). Note that the cases become easier as we go along, because the presence of a large normal Abelian subgroup of π 1 (M) typically puts strong topological constraints on M. 3 . Now L( ) is either discrete or indiscrete. If it is discrete, then it is also cocompact for cohomological reasons. Since M is aspherical, it is homotopy equivalent to the closed hyperbolic 3-manifold H 3 /L( ) and a result of Gabai-Meyerhoff-Thurston [10] implies that M is itself hyperbolic. In fact, it will turn out that this is the only possibility for the holonomy when M is hyperbolic. Thus in all remaining cases we will be proving that M is modelled on E 3 or H 2 × R. In light of lemma 2.5, it suffices to show that M has a finite cover homeomorphic to × S 1 , where is a closed, orientable surface, S 2 . We will exploit this fact in all that follows by freely passing to finite covers of M without changing notation. Also note that L( ) is reducible in all remaining cases, yielding corollary 1.3.
If L( ) is indiscrete, lemma 2.3 shows that L( ) ∼ = is virtually solvable. By the main result of [6] , we may pass to a finite cover and assume that M is a torus bundle over S 1 with monodromy θ :
represented by a matrix in SL(2, Z), which by an abuse of notation is also denoted by θ . Clearly, θ has finite order if and only if M is finitely covered by a 3-torus, so we will assume that θ has infinite order. Let t ∈ denote an element inducing the monodromy, i.e. txt −1 = θ(x) for all x ∈ π 1 (T 2 ). The image of the fibre subgroup π 1 (T 2 ) ∼ = Z ⊕ Z of under L must consist either of elements leaving invariant a geodesic in H 3 (generated by loxodromics or irrational elliptics) or of parabolics with a common fixed point at infinity. In the first case, since t normalizes π 1 (T 2 ), L(t) must leave the geodesic invariant (indeed, it must fix it pointwise since L(t) has infinite order). However, this implies that t commutes with π 1 (T 2 ), which means that θ is the identity and ∼ = L( ) ∼ = Z 3 . This contradicts the hypothesis that θ has infinite order, or alternatively shows directly that M ∼ = T In the second case, identify ∂H 3 ∼ = C ∪ {∞} and conjugate so that the parabolics fix ∞. If θ has a 1-eigenvalue, let g denote an element of
, L(t) must also fix ∞; write it as z → az + b for some a, b ∈ C. However, then with this notation, the relation [L(t), L(g)] = 1 becomes az 0 = z 0 . Thus a = 1, L(t) is parabolic, t commutes with π 1 (T 2 ), and we are done as above. The final possibility is that θ is of infinite order and has no 1-eigenvalue, in which case it has two real eigenvalues of absolute value not equal to one.
In this case, there is, up to conjugacy, only one possibility for L( ), and we use this in the appendix to show that cannot be discrete, contradicting lemma 2.2(a).
This completes case 0. 
the notation is meant to be obvious: h generates the normal subgroup T ( ) ∼ = Z and the other generators project to L( ), the fundamental group of the base B. Write x → x + v for the translation h, and ) of the usual surface group relator R (see [8, 11] ). These partial derivatives can be combined neatly into a single 
. , t (a g ), t (b g )).
In [11, section 3.7] , Goldman has a nice argument showing that the image of dR is exactly W ⊥ . Thus v ∈ W and ev ∈ W ⊥ , so 0 = v, ev = e v, v .
Since v is spacelike (this is essential, see [1] ), v, v = 0, and so e = 0. This completes case 1.
Case 2. Suppose T ( )
A theorem in Hempel [16, theorem 11.1] shows that L( ) has two ends and therefore has a finite index subgroup isomorphic to Z. As usual, we will pass to a finite cover without changing notation and assume L( ) ∼ = Z. Stallings' theorem [28] L(x 2 ))c(x 1 ) = (1 − L(x 1 ))c(x 2 ) .
(A2) Equation (A1) (really two equations for x 1 and x 2 ) and equation (A2) are linear in c(x 1 ) and c(x 2 ) and can be solved explicitly by choosing a basis for R 4
